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Representation of Fuzzy Quantum Posets of
Types I, II
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Let (€, M) be a fuzzy quantum poset of type I, 1, or FQP of type I, 1I for
short. For Boolean representations of fuzzy quantum spaces, by a representa-
tion of (Q, M) we mean a quantum logic .# (i.e., an orthocomplemented
c-orthocomplete orthomodular poset with a homomorphism A: M 28 .# such
that for any state s on M and any observable X on .# there is a state § on .4
and observable X on M such that the following diagram commutes [where Z(R)
is a Borel ¢-algebra of the real line R}:

A(R)

xl X
M ~”_>/J//
.

We prove that a representation of FQP of type I always exists and a represen-
tation of FQP of type I exists in some cases.

1. PRELIMINARIES

We recall that two fuzzy sets a, b are said to be fuzzy orthogonal, we
write @ 1. b, iff anb:=inf(a, b) < 1/2, and orthogonal, we write a L b, iff
a<b*.

Let Q be a nonempty set, M be a system of fuzzy sets, M = [0, 1]%,
such that:

(i) I{w) =1 for any weQ, then 1le M.

(ii) aeM, then at:=1~aeM.

(iii) 1/2(w) = 1/2 for any weQ}, then 1/2¢ M.
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A set M = [0, 1] satisfying conditions (i) —(iii) is said to be an FQP of type
I (of type II) if it is closed with respect to a union of any sequence of
mutually fuzzy orthogonal (mutually orthogonal) fuzzy sets, respectively,
where by union we mean the union of Zadeh’s connective. If M is closed
with respect to a union of any sequence of fuzzy sets from M, then M is
said to be a fuzzy quantum space, or FQS for short.

It is clear that @ L b, then a L b for any a, be M. So, an FQP of type
1is an FQP of type II and and FQS is an FQP of type I (Dvurefenskij,
n.d.; Long, 1992, n.d.; RieCan, 1988).

An observable X on (Q, M) is a mapping X: #(R) - M such that:

(1) X(E°) = X(E)* for any Borel set Ec%(R).

(i) X(U2 E;) = U2 | X(E;) for any sequence {E,}> e %(R).

Denote by O(M) the set of all observables on (Q, M).

A mapping m: M — [0, 1] is said to be a state of type L, II on (Q, M)
if:

(i) m(a) +m(at) =1 for aeM.

(i) m(U;’il a;) =) ,ma,) for any sequence of mutually fuzzy
orthogonal, orthogonal, fuzzy sets {a,;}> ; < M, respectively.

Denote by &,(M), S;;{M) the sets of all states of types I, II on (Q, M),
respectively.

Proposition 1. Let (Q, M) be an FQP of type I; then:
(i) S, (M) < S, (M).
(i) If (Q, M) is an FQS, then &,(M) = S, (M).

Now let (Q, M) be an FQP of type I or FQP of type II such that
anceM forany a,ceM, c =12 (2)
Consider a relation ~ € M x M defined by
a~b if anmnb*, a*tnb<1)2

It is clear that (i) @ ~a for any a from M; (ii) if a ~ b, then at ~ b~; (iii)
if a~b, then b ~a, but ~ is not transitive, in general. Let ~ be the
transitive closure of ~, i.e., the smallest quivalence relation on M containing
~. It is obvious that a =~ b iff there are a;,a,,...,a,eM such that
aA~a,a~ay,...,0,~b.

It can be proved that a = b iff there is a ce M, ¢ = 1/2, such that

anb*nec, atbne<1)2
or equivalently
{anb*>1/2} | {atnb>1/2} < {c=1/2}
where {anb* > 1/2}={weQ; (a nb)w) > 1/2}, etc.
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Note that if we consider = [0, 1],

o) = 07 if 0<w <06
03 if 06<w<1

Bo) = 04 if 0w <06
)06 if 08<w<1

c=avat, d=bubt;, e=dnrna, f=drnat; g=auf, h=bue;
i=eud'; k=euet; then

M=
{0’ 19 a’ bﬁ c, d’ e?ﬁ g’ h’ i’j’ k’ al’ bi’ clﬂ di’ eL’fi-7 g‘L, hl’) il’jL! kj_ﬁ}

is an FQP of type II with (2) but not a type L
The following results can be proved in the same way as the proofs in
Dvurecenskij and Long (1991).

Proposition 2. The transitive closure & is a proper congruence relation
in M.

Now, for any aeM, we put a:={heM;b=a}, and 4 ={a;acM}.
In .# we define a relation < via

a<h iff thereisac=1/2and anbtnc<1/2

and the mapping 1: .# — .4 defined via a — a*, aeM, then < and L are
well defined. It is easy to check that < is an order relation and L is an
orthocomplementation on 4.

Lemma 3. Let (Q, M) be an FQP of type I or FQP of type II with (2):

(i) For any a,ceM, c 21/2; axancuc*.

(ii) For any a, be M, @ < b, then there are a,, b€ M such that a,  a,
b, ~b and a, < b,.

Proof. Part (i) is clear.
(ii) Since @ < b, there is ce M, ¢ = 1/2, such that a nb* n¢ < 1/2, then
a;=ancuct and b,:==bnncuct satisfy the conditions of the theorem.

Theorem 4. Let (Q, M) be an FQP of type I or FQP of type II with
(2); then .# equipped with an order relation < and an orthocomplementa-
tion L is a quantum logic with the least element 0 and the greatest element
1 and h: M — .# defined via g+ a is a o-homomorphism from M onto
M —ie., hat) =ha)* and A(UZ | a;) = U2, A(a;) for any sequence of
mutually fuzzy orthogonal, orthogonal, fuzzy sets, respectively.
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Let (Q, M) be an FQP of type II; we put
HA(M)={4A<cQ; aeM; {a>12} <4 ={a=1/2}} (3)
IM)={A<Q; JaeM; A ={a=1/2}}

There are two constructions of representations of FQP (Dvurecenskij,
n.d.; Dvurecenskij and Long, 1991). The following proposition shows that
they are equivalent.

Proposition 5. Let (Q, M) be an FQP of type I or FQP for type II with
(2); then:

() A (M) is a g-c-algebra and #(M) is an o-ideal of A (M) [i.e.,
HA'(M) is a system of subsets of Q which is closed with respect to
complementation and countable union of mutually disjoint subsets, #(M)
is a nonempty subset of (M) closed with respect to countable union of
mutually disjoint subsets, and if AeX (M), Bef(M), A< B, then
Aef(M)).

(i) Consider a mapping g: # (M) — .#, defined via 4 — @, where A,
a satisfy (3); then g defines well a ¢-homomorphism from #°(M) onto .#
and g ~'(0) = #(M). Moreover, we consider on (M) a relation 0: for any
A, BeX (M), AOB iff A\B, B\A€.#(M), then 0 is a congruence relation on
A (M). Put, for any AeA (M),

A={BeA' (M); BOA}, H(M))0={A4; Ae A (M)}
Define
At=A° and A<B iff A\Bes(M)

Then 1, < is well defined, an orthocomplementation, and an order
relation on A (M)/0 such that o#(M)/6 with L, < is a quantum logic and
the following diagram commutes:

H(M)——
Pr T ~
H(M)/[6

where Pr is a projection.

2. A REPRESENTATION OF TYPES I, Il FQP

Theorem 6. Let (Q, M) be an FQP of type I or FQP of type II with
(2); then for any observable X on .# there is an observable X on M such
that X = h o X, where h, # from Theorem 4.
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Proof. Let X be an observable on .# and Q be the set of rational
numbers. Consider a, = X(( — 00, r)), r€Q; then a, < a, if r <s. Owing to
Lemma 3, we can set up a sequence b,, reQ, such that A(b,) =a, and
b, < b, if r <s. Due to Theorem 1.4 of Varadarajan (1968) and Theorem
4.5 of Long (n.d.) there is an observable X on M such that
X((~ o0, r)) =b,. Therefore, X = h o X.

Theorem 7. Let (2, M) be an FQP of type I; then for any me S, (M),
m: H —[0, 1] defined by m(a) = m(a), aeM, is a state on M. Conversely,
for any se€ &, (M) there is a state me S, (M) such that m =s.

Proof. The theorem can be proved in the same way as the proofs in
Dvurecenskij (n.d.).

Corollary 8. Let (Q, M) be an FQP of type II with (2) such that for
any meS (M), for any a,beM, anb* <1/2, atnb <£1/2, imply
m(a) = m(b), then for any meS, (M), m: .4 —][0, 1] defined by m(a) =
m(a), ae M, is a state on M.

Conversely, for any seS(#) there is a state me&,(M) such that
B = 3.

Theorem 9. Let (2, M) be an FQP of type I or FQP of type Il
satisfying the conditions of Corollary 8; then .# with ¢-homomorphism 4
from Theorem 4 is a representation of M.

3. CONCLUSION

We have solved the problem of representation of an FQP of type I and
some kinds of FQP of type II. We can also point out that there is an FQP
of type II which has no representation. Finally, natural questions arise: Is
any quantum logic a representation of some FQP? We note that in
Varadarajan (1968, Theorem 2.2.5) it is proved that every logic is a
surjective homomorphic image of a concrete logic. But the conditions of a
representation in our sense are not satisfied in general.
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